Let R be a commutative ring and I ⊂ R a finitely generated ideal. We discuss two definitions of derived I-adically complete (also derived I-torsion) complexes of R-modules which appear in the literature: the idealistic and the sequential one. The two definitions are known to be equivalent for a weakly proregular ideal I; we show that they are different otherwise. We argue that the sequential approach works well, but the idealistic one needs to be reinterpreted or properly understood. We also consider I-adically flat R-modules.
Introduction 0.0. Let I be a finitely generated ideal in a commutative ring R. How many abelian categories of I-adically complete (in some sense) R-modules are there? An unsuspecting reader would probably guess that there are none. In fact, generally speaking, there are two such abelian categories, one of them a full subcategory in the other. For a Noetherian ring R, the two categories coincide.
Furthermore, how many triangulated categories of derived I-adically complete complexes are there? We argue that the correct answer is "three", two of which are the important polar cases and the third one is kind of intermediate. There is also one abelian category of I-torsion R-modules and two triangulated categories of derived I-torsion complexes. These triangulated categories are connected by natural triangulated functors. For a Noetherian ring R (or more generally, for a weakly proregular ideal I), these functors are equivalences; so the answer to all the "how many" questions reduces to "one".
To be precise, the definitions of derived complete and torsion complexes that can be found in the literature do not always agree with our suggested definitions. We discuss both, and explain why we view some of our constructions of the triangulated categories of derived complete and torsion complexes as improvements upon the ones previously considered by other authors. This paper is inspired by Yekutieli's paper [33] (as well as his earlier paper [32] ), where some of the results of the present author have been mentioned. The credit is due to Yekutieli for posing several questions to which the present paper provides the answers. 0.1. Let us briefly discuss the substantial issue involved, starting for simplicity with the particular case of a principal ideal I = (s) ⊂ R generated by an element s ∈ R. Let M be an R-module. What is the derived s-adic completion of M?
A more naïve approach is to start with the underived I-adic completion,
The problem with the functor Λ s is that it is the composition of a right exact functor assigning to M the system of its quotient modules · · · −→ M/s 3 M −→ M/s 2 M −→ M/sM with the left derived functor of projective limit. As such, the functor Λ s is neither left nor right exact, and in fact not even exact in the middle [31] . Nevertheless, one can consider the left derived functor L * Λ s of Λ s , computable by applying Λ s to a projective resolution of an R-module M. This is equivalent to replacing Λ s with its better behaved (right exact) 0-th left derived functor L 0 Λ s and computing the left derived functor of L 0 Λ s . Then one can say that the derived I-adic completion of M is the complex
where P • is a projective resolution of M. In fact, it suffices to require P • to be a flat resolution. This approach is taken, in the generality of finitely generated ideals I ⊂ R, by Porta-Shaul-Yekutieli in the paper [17] (see also the much earlier [10, Section 1]). It is called the "idealistic derived adic completion" in [33] . 0.2. A more sophisticated approach is to construct the derived I-adic completion as the derived functor of projective limit of the derived functors of the passage to the quotient module M −→ M/s n M. Furthermore, the latter derived functors are interpreted as taking an R-module M to the two-term complexes M 0.6. Various triangulated categories of derived complete and torsion modules discussed in this paper are related, in one way or another, to the two derived completion and two derived torsion functors mentioned in Sections 0.1, 0.2 and 0.4. 0.7. Before we finish this introduction, let us say a few words about our motivation. The objects of the two abelian categories of derived I-adically complete R-modules mentioned in Section 0.0 are called I-contramodule R-modules and quotseparated I-contramodule R-modules in this paper. The following example is illuminating.
Let R = k[x 1 , . . . , x m ] be the ring of polynomials in a finite number of variables over a field k and I = (x 1 , . . . , x m ) ⊂ R be the ideal generated by the elements x j . Let C be the coassociative, cocommutative, counital coalgebra over k such that the dual topological algebra C * = k[[x 1 , . . . , x m ]] is the algebra of formal Taylor power series in the variables x j . Then the abelian category of I-torsion R-modules is equivalent to the category of C-comodules. Furthermore, the abelian category of I-contramodule R-modules (which coincides with the abelian category of quotseparated I-contramodule R-modules in this case, as the ring R is Noetherian) is equivalent to the abelian category of C-contramodules. The latter category was defined by Eilenberg and Moore in [6, Section III.5] ; we refer to our overview [20] for a discussion.
For any finitely generated ideal I in a commutative ring R, the category of I-torsion R-modules is a Grothendieck abelian category. On the other hand, both the abelian categories of I-contramodule R-modules and quotseparated I-contramodule R-modules are locally presentable abelian categories with enough projective objects. We believe that the latter class of abelian categories, which are dual-analogous or "covariantly dual" to Grothendieck abelian categories [25, 24] , is not receiving the attention that it deserves. Thus we use this opportunity to point out and discuss two classes of examples of locally presentable abelian categories with enough projectives appearing naturally in commutative algebra. 0.8. Let us make some general notational conventions. Throughout this paper, R is a commutative ring and I ⊂ R is a finitely generated ideal. When we need to choose a finite set of generators of the ideal I, we denote them by s 1 , . . . , s m ∈ I. The sequence of elements s 1 , . . . , s m is denoted by s for brevity.
Given an abelian (or Quillen exact) category A, we denote its bounded and unbounded derived categories by D b (A), D + (A), D − (A), and D(A), as usual. The abelian category of (arbitrarily large) R-modules is denoted by R-mod.
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Derived Complete Modules
The definition of an Ext-p-complete (abelian, or more generally, nilpotent) group goes back to the book of Bousfield and Kan [4, . Under the name of weakly l-complete abelian groups (where l is still a prime number), they were discussed by Jannsen in [13, Section 4] . Even earlier, the abelian groups decomposable as products of Ext-p-complete abelian groups over prime numbers p were studied by Harrison in [11, Section 2] under the name of "co-torsion abelian groups"; this approach was generalized by Matlis in [16] . In our terminology, Ext-p-complete abelian groups are called p-contramodule Z-modules (we refer to the introductions to the papers [22, 23] for a discussion).
Given an element s ∈ R, consider the ring R[s −1 ] obtained by adjoining to R an element inverse to s. Denoting by S ⊂ R the multiplicative subset S = {1, s, s 2 , . . . }, one has R[s −1 ] = S −1 R. One can easily see that the projective dimension of the R-module R[s −1 ] does not exceed 1.
An R-module C is said to be an s-contramodule if Lemma 1.1. The full subcategory of I-contramodule R-modules R-mod I-ctra is closed under the kernels, cokernels, extensions, and infinite products (hence also under all limits) in the category of R-modules R-mod. Consequently, the category R-mod I-ctra is abelian and the inclusion functor R-mod I-ctra −→ R-mod is exact.
Denoting by R ⊂ R the subring in R generated by the elements s 1 , . . . , s m over Z and by I ⊂ R the ideal in R generated by the same elements, one observes that an R-module C is an I-contramodule if and only if its underlying R-module C is an I-contramodule. In this specific sense, the definition of I-contramodule R-modules reduces to the case of Noetherian rings. Moreover, one can replace R by the polynomial ring R = Z[s 1 , . . . , s m ] with the ideal I = (s 1 , . . . , s m ); an R-module is an I-contramodule if and only if its underlying R-module is an I-contramodule.
The interpretation of the s-contramodule R-modules as the R-modules with s-power infinite summation operation and the I-contramodule R-modules as the R-modules with [s 1 , . . . , s m ]-power infinite summation operation is discussed in [22, (see also [18, Appendix B] for the Noetherian case).
The I-adic completion of an R-module C is defined as
An R-module C is said to be I-adically separated if the canonical morphism C −→ Λ I (C) is injective, and we say that C is I-adically complete if the morphism C −→ Λ I (C) is surjective. Any I-adically complete and separated R-module is an I-contramodule. Any I-contramodule R-module is I-adically complete [22, Theorem 5.6] , but it need not be I-adically separated.
An I-contramodule R-module is said to be quotseparated if it is a quotient R-module of an I-adically separated and complete R-module. We denote the full subcategory of I-adically separated and complete R-modules by R-mod sep I-ctra ⊂ R-mod and the full subcategory of quotseparated I-contramodule R-modules by R-mod qs I-ctra ⊂ R-mod. So there are inclusions of full subcategories R-mod sep I-ctra ⊂ R-mod qs I-ctra ⊂ R-mod I-ctra ⊂ R-mod. Lemma 1.2. The full subcategory of quotseparated I-contramodule R-modules R-mod qs I-ctra is closed under subobojects, quotient objects, and infinite products in R-mod I-ctra , and closed under the kernels, cokernels, and infinite products (hence also under all limits) in R-mod. Consequently, the category R-mod qs I-ctra is abelian and the inclusion functors R-mod qs I-ctra −→ R-mod I-ctra −→ R-mod are exact. Proof. The basic observation is that any submodule of an I-adically separated R-module is I-adically separated. Hence the class C of all I-adically separated I-contramodules ( = I-adically separated and complete R-modules) is closed under subobjects in R-mod I-ctra . Moreover, the class of all I-adically separated R-modules is closed under products in R-mod; hence the class C is closed under products in the abelian category A = R-mod I-ctra . Now for any abelian category A and a class of objects C ⊂ A such that C is closed under subobjects in A, the class B of all quotient objects of objects from C is closed under subobjects and quotient objects in A. Hence B is an abelian category with an exact inclusion functor B −→ A. If, moreover, the class C is closed under products in A and the product functors in A are exact, then the full subcategory B is closed under products in A.
In the situation at hand, these observations are applicable to the abelian category A = R-mod I-ctra , producing the abelian category B = R-mod qs I-ctra . Then the remaining assertions of the lemma follow from Lemma 1.1.
Both the full subcategories R-mod I-ctra and R-mod qs I-ctra are reflective in R-mod (i. e., their inclusion functors have left adjoints). The reflector ∆ I : R-mod −→ R-mod I-ctra is constructed and discussed at length in [22, . The functor ∆ I : R-mod −→ R-mod I-ctra is right exact, because it is a left adjoint; since the inclusion R-mod I-ctra −→ R-mod is an exact functor, the composition R-mod −→ R-mod I-ctra −→ R-mod is also right exact.
As pointed out in [31, Section 1] and [33, Section 1], the I-adic completion functor Λ I : R-mod −→ R-mod is neither left, nor right exact (even though, by [22, Theorem 5.8], Λ I : R-mod −→ R-mod sep I-ctra is the reflector onto the full subcategory of I-adically separated and complete modules in R-mod). The next proposition describes the reflector R-mod −→ R-mod qs I-ctra as the 0-th left derived functor of the functor Λ I , that is, Let P 1 −→ P 0 −→ C −→ 0 be a right exact sequence of R-modules with projective R-modules P 1 and P 0 . By the definition, L 0 Λ(C) is the cokernel of the induced morphism Λ(P 1 ) −→ Λ(P 0 ). We will construct a commutative diagram of R-module morphisms of the following form:
(1) In particular, it follows from Proposition 1.4 that every quotseparated I-contramodule R-module has a natural, functorially defined R-module structure (extending the R-module structure). Analogously, one can derine a commutative R-algebra structure on the R-module ∆ I (R) and show that every I-contramodule R-module has a functorially defined ∆ I (R)-module structure (extending its R-module structure) [24, Example 5.2 (3) ].
Notice that the full subcategory of quotseparated I-contramodule R-modules does not need to be closed under extensions in R-mod I-ctra or in R-mod. In fact, the opposite is true.
countably-filtered direct limits; so, for any infinite set X, one has ∆ I (R
where Z ranges over all the countably infinite subsets of X.
Both the abelian categories R-mod I-ctra and R-mod qs I-ctra are locally presentable. More precisely, they are locally ℵ 1 -presentable (see book [1] for the terminology). In the case of the category R-mod I-ctra , this is explained in [ (2)]. Simply put, the abelian category R-mod qs I-ctra is the category of modules over the monad X −→ Λ I (R[X]), and the abelian category R-mod I-ctra is the category of modules over the monad X −→ ∆ I (R[X]) on the category of sets. Both the abelian categories are locally ℵ 1 -presentable, because both the functors X −→ Λ I (R[X]) and X −→ ∆ I (R[X]) preserve countably-filtered direct limits. We refer to [25, Section 1.1], [27, Section 6] , and [24, Section 1] for a discussion of accessible additive monads on the category of sets, which describe locally presentable abelian categories with a projective generator.
Sequentially Derived Torsion and Complete Complexes
What Yekutieli [33] calls "derived complete complexes in the sequential sense" are best understood geometrically.
Let us first introduce some notation and recall the definitions. Let s = (s 1 , . . . , s m ) be a finite sequence of generators of the ideal I ⊂ R (see Section 0.8). For every integer n ≥ 1, we denote by s n the sequence of elements s n 1 , . . . , s n m . Let K(R; s) denote the Koszul complex
which is a finite complex of finitely generated free R-modules concentrated in the cohomological degrees −m, . . . , 0. The infinite dual Koszul complex
is a finite complex of flat R-modules concentrated in the cohomological degrees 0, . . . , m. It can be computed as the tensor product
. TheČech complexČ(R; s) is constructed as the kernel of the natural surjective morphism of complexes K ∨ ∞ (R; s) −→ R. One can show that the complexes K ∨ ∞ (R; s) andČ(R; s) do not depend on the choice of a particular sequence of generators of a given ideal I ⊂ R up to a natural isomorphism in D(R-mod). In fact, the following lemma holds.
. . , s ′ m ) and I ′′ = (s ′′ 1 , . . . , s ′′ n ) ⊂ R be two finitely generated ideals with the same radical
. . , s ′′ n ) of the two sequences. Then the natural morphisms of complexes of R-modules
Proof. This is [ Given an element s ∈ R, an R-module M is said to be s-torsion if for every m ∈ M there exists n ≥ 1 such that s n m = 0 in M. An R-module M is said to be I-torsion if it is s-torsion for every s ∈ I. We denote the Serre subcategory of
The following three conditions are equivalent for a complex of R-modules M • :
(1) M • is derived I-torsion in the sequential sense;
(2) ⇐⇒ (3) Clearly, an R-module N is I-torsion if and only if it is s j -torsion for every 1 ≤ j ≤ m. Equivalently, the latter condition means that R[s −1 j ] ⊗ R N = 0. It remains to apply these observations to the R-modules N = H n (M • ) and recall that the R-module R[s −1 j ] is flat. In other words, Lemma 2.2 describes the category of derived I-torsion complexes (of R-modules) in the sequential sense as the full subcategory D I-tors (R-mod) ⊂ D(R-mod) of all complexes of R-modules with I-torsion cohomology modules in the derived category of R-modules.
Dually, a complex of R-modules C • is said to be derived I-adically complete in the sequential sense [33, Section 2] 
The following three conditions are equivalent for a complex of R-modules C • :
(1) C • is derived I-adically complete in the sequential sense;
Proof. The equivalence (1) ⇐⇒ (2) is provable in the same way as in the previous lemma. The equivalence (2) Now that we are finished with the definitions and basic lemmas, we can have the geometric discussion promised in the beginning of this section. For any quasicompact semi-separated scheme Y , the derived category of the abelian category of quasi-coherent sheaves on Y is equivalent to the derived category of the exact category of contraherent cosheaves on Y [19, Theorem 4.6.6]
for every bounded or unbounded derived category symbol ⋆ = b, +, −, or ∅. Furthermore, for any morphism of quasi-compact semi-separated schemes f : Y −→ X, the equivalences of categories D ⋆ (Y -qcoh) ≃ D ⋆ (Y -ctrh) and D ⋆ (X-qcoh) ≃ D ⋆ (X-ctrh) transform the right derived direct image functor of quasi-coherent sheaves
into the left derived direct image functor of contraherent cosheaves
In particular, for an affine scheme X = Spec R, the abelian category X-qcoh is equivalent to the category of R-modules. The exact category X-ctrh is a full subcategory in R-mod consisting of all the contraadjusted R-modules (that is, R-modules that are s-contraadjusted for all s ∈ R, in the sense of the definition in Section 1). This restriction does not affect the derived category: the inclusion functor X-ctrh −→ R-mod induces an equivalence D ⋆ (X-ctrh) ≃ D ⋆ (R-mod).
Let Z ⊂ X be the closed subscheme Z = Spec R/I, and let U = X \ Z be its open complement. Let j : U −→ X denote the open embedding morphism. Then the functor Rj * has a left adjoint functor
while the functor Lj ! has a right adjoint functor
Moreover, both the compositions j * •Rj * and j ! •Lj ! are identity endofunctors. Hence one obtains a recollement, which is described purely algebraically in [21, Section 3] (in some form, these results go back to [5, Section 6] ).
Then the full triangulated subcategory of derived I-torsion complexes in the sequential sense D ⋆ I-tors (R-mod) ⊂ D(R-mod) can be described as the kernel of the quasi-coherent open restriction functor j * ,
. Dually, the full triangulated subcategory of derived I-adically complete complexes in the sequential sense D ⋆ I-ctra (R-mod) ⊂ D ⋆ (R-mod) can be described as the kernel of contraherent open restriction functor j ! ,
). In fact, it follows from the existence of the recollement that the categories of complexes with I-torsion and with I-contramodule cohomology modules are equivalent [21, Proposition 3.3 and Theorem 3.4]
Here D ⋆ (U) is a notation for the category D ⋆ (U-qcoh) ≃ D ⋆ (U-ctrh), embedded into D(R-mod) by the functor Rj * = Lj ! . The two equivalences in (2) are provided by the compositions of the identity inclusions D ⋆ I-tors (R-mod) −→ D ⋆ (R-mod) and
. So the recollement takes the form
where two-headed arrows ։ denote triangulated Verdier quotient functors and arrows with a tail denote triangulated fully faithful embeddings. After the identifications in the vertical equation signs (explained in the discussion above), the functors in the upper row are left adjoint to those in the middle row, which are left adjoint to those 13 in the lower row. In every row, the image of the fully faithful embedding is equal to the kernel of the Verdier quotient functor. The right adjoint functor to the inclusion (the coreflector)
This is called the sequential derived I-torsion functor in [33] . The sequential derived I-torsion functor is idempotent because it is a coreflector. One can also see it directly from the quasi-isomorphism
, which is a particular case of Lemma 2.1. In fact, there are two quasi-isomorphisms of complexes in (4) , which induce the same isomorphism in D(R-mod).
Dually, the left adjoint functor to the inclusion (the reflector)
. This is called the sequential derived I-adic completion functor in [33] . The sequential derived I-adic completion functor is idempotent because it is a reflector; one can also see it directly from the quasi-isomorphism (4) (cf. [33, Section 1 and Remark 2.25]).
The restrictions of the functors R Hom
Weak Proregularity
Let C be an R-module. The object R Hom R (K ∨ ∞ (R; s), C) of the derived category of R-modules D(R-mod) plays an important role in our considerations. Its cohomology modules appear in the natural short exact sequences of R-modules
denotes the first derived countable projective limit. The sequence (5) may be nontrivial for integers q in the interval −m ≤ q ≤ 0. In particular, the R-module ∆ I (C) is computable as [22, Theorem 7.2(iii)]
while the I-adic completion of the R-module C is
A countable projective system of abelian groups (E n ) n≥1 is said to satisfy the Mittag-Leffler condition if for every i ≥ 1 there exists j ≥ i such that the images of the transition maps E k −→ E i coincide (as subgroups in E i ) for all k ≥ j. A projective system (E n ) n≥1 is said to be pro-zero (an alternative terminology is that (E n ) n≥1 satisfies the trivial Mittag-Leffler condition) if for every i ≥ 1 there exists j ≥ i such that the transition map E j −→ E i is zero. Lemma 3.1. A countable projective system of abelian groups (E n ) n≥1 is pro-zero if and only if it the following two conditions hold:
(i) the projective system (E n ) n≥1 satisfies the Mittag-Leffler condition; and
Proof. This is easy to prove.
For any countable projective system of abelian groups (E n ) n≥1 satisfying the Mittag-Leffler condition, one has lim ← − 1 n≥1 E n = 0. The following lemma provides a converse implication. Lemma 3.2. For any countable projective system of abelian groups (E n ) n≥1 , the following two conditions are equivalent:
(1) the projective system (E n ) n≥1 satisfies the Mittag-Leffler condition;
(2) lim ← − 1 n≥1 E (X) n = 0 for some (equivalently, every) infinite set X.
Here we denote by E (X) the X-indexed direct sum of copies of an abelian group E.
Proof. This is the result of the paper [8] (see [8, Corollary 6 (i) ⇔ (iii)]).
We recall the following definition, which plays a key role, and refer to [33, Section 3] for a discussion of its history. The ideal I ⊂ R is said to be weakly proregular if, for every fixed q < 0, the projective system (H q (K(R; s n ))) n≥1 is pro-zero. This property does not depend on the choice of a particular finite system of generators s 1 , . . . , s m of the ideal I [17, Corollary 6.3]. Furthermore, the following result holds. 
Proof. In fact, for any R-module M there is a natural isomorphism of R-modules
Hence the corollary follows from Theorem 3.3. The next proposition and theorem, providing dual versions of Theorem 3.3 and Corollary 3.4, are the main results of this section.
Proposition 3.5. The ideal I ⊂ R is weakly proregular if and only if, for every q < 0, the following two conditions hold:
= 0 for some (equivalently, every) nonempty set X.
Here R[X] = R (X) denotes the free R-module with X generators.
Proof. Clearly, for any projective system (E n ) n≥1 and a nonempty set X one has lim ← −n≥1 E n = 0 if and only if lim ← −n≥1 E (X) n = 0. So the conditions in (ii) are equivalent for all nonempty sets X, and they are equivalent to the condition (ii) of Lemma 3.1 for the projective system E n = H q (K(R; s n )). Furthermore, by Lemma 3.2, the conditions in (i) are equivalent for all infinite sets X, and they are equivalent to the condition (i) of Lemma 3.1 for the same projective system (E n = H q (K(R; s n ))) n≥1 . The assertion of Lemma 3.1 now provides the desired result.
The following theorem can be also found in [12, Remark 7.8] .
Theorem 3.6. The ideal I ⊂ R is weakly proregular if and only if for some (equivalently, for every) infinite set X, the canonical morphism
) is an isomorphism in the derived category of R-modules D(R-mod).
Proof. Follows immediately from the short exact sequences (5) together with the isomorphism (7) and Proposition 3.5.
Corollary 3.7. If the ideal I ⊂ R is weakly proregular, then the full subcategories R-mod qs I-ctra and R-mod I-ctra coincide in R-mod. Proof. Follows from Lemma 1.6, the isomorphism (6), and Theorem 3.6.
Remark 3.8. The converse assertion to Corollary 3.7 is not true: the condition that the two full subcategories R-mod qs I-ctra and R-mod I-ctra in R-mod coincide is weaker than the weak proregularity of the ideal I. In fact, Proposition 3.5 splits the weak proregularity condition for a sequence of elements s 1 , . . . , s m ∈ R into 2m pieces.
Precisely one of these 2m conditions, namely, condition (i) for q = −1, is equivalent to every I-contramodule R-module being quotseparated.
So, what do the remaining 2m − 1 conditions do? As we will see in Section 4, the answer is that condition (ii) for all q ≤ 
Full-and-Faithfulness of Triangulated Functors and Weak Proregularity
We prove several basic theorems in this section before proceeding to discuss derived I-adically complete complexes in the idealistic sense in the next one.
To begin with, here is the I-torsion version of the main theorem. Let us introduce some notation. Denote the triangulated functor D ⋆ (R-mod I-tors ) −→ D ⋆ (R-mod) induced by the inclusion of abelian categories R-mod I-tors −→ R-mod by
The functor µ ⋆ obviously factorizes into a composition
where υ ⋆ is the canonical fully faithful inclusion. It is also clear that if the functor µ b is fully faithful, then its essential image coincides with the full subcategory
; so the functor χ b is a category equivalence in this case. We will use the concept of a partially defined adjoint functor. Given two categories C, D and a functor F : C −→ D, we say that a partial functor G right adjoint to F is defined on an object D ∈ D if there exists an object G(D) ∈ C such that for every object C ∈ C there is a bijection of sets Hom C (C, G(D)) ≃ Hom D (F (C), D) functorial in the object C ∈ C. Since an object representing a functor is unique up to a unique isomorphism, the object G(D) is unique if it exists. Now the functor of inclusion of abelian categories R-mod I-tors −→ R-mod has a right adjoint functor Γ I : R-mod −→ R-mod I-tors . Being right adjoint to an exact functor, the functor Γ I takes injective R-modules to injective objects of the category of I-torsion R-modules. One easily concludes that the functor µ + : D + (R-mod I-tors ) −→ D + (R-mod) has a right adjoint functor γ + : D + (R-mod) −→ D + (R-mod I-tors ), which is computable as the right derived functor of the functor Γ I . So the functor γ + assigns to a bounded below complex of injective R-modules J • the bounded below complex of injective I-torsion R-modules Γ I (J • ). Similarly, for ⋆ = ∅, the functor µ : D(R-mod I-tors ) −→ D(R-mod) has a right adjoint functor γ : D(R-mod) −→ D(R-mod I-tors ), which can be computed by applying the functor Γ I to homotopy injective complexes of R-modules.
For ⋆ = b, the functor µ b : D b (R-mod I-tors ) −→ D b (R-mod) does not seem to necessarily have a right adjoint, in general; but we are interested in its partially defined right adjoint functor γ b . It is only important for us that the partial functor
, as can be easily seen.
On the other hand, for any symbol ⋆ = b, +, −, or ∅, the fully faithful inclusion functor υ ⋆ : D ⋆ I-tors (R-mod) −→ D ⋆ (R-mod) has a right adjoint functor θ ⋆ : D ⋆ (R-mod) −→ D ⋆ I-tors (R-mod). This holds quite generally for any finitely generated ideal I ⊂ R; following the discussion in Section 2 and [21, Section 3], the functor θ ⋆ is computable as
I-tors (R-mod) is a category equivalence, then it identifies the functor µ b with the functor υ b ; and consequently it also identifies their adjoint functors γ b and θ b . It follows that the functor γ b is everywhere defined in this case; but this is not important for us. The key observation is that
I-tors (R-mod) are identified by the functor χ b , for any injective R-module J. In other words, we have an isomorphism of complexes of R-modules
According to Theorem 3.3, it follows that the ideal I ⊂ R is weakly proregular.
The following quotseparated I-contramodule theorem is the main result of this section. In order to formulate and prove it, we need some further notation. Denote the triangulated functor D ⋆ (R-mod qs I-ctra ) −→ D ⋆ (R-mod) induced by the inclusion of the abelian categories R-mod qs
where ι ⋆ is the canonical fully faithful inclusion. Proof. If the ideal I is weakly proregular, then we have R-mod qs I-ctra = R-mod I-ctra by Corollary 3.7. Having made this observation, it remains to refer to [21, Theorem 2.9 and Corollary 2.10] for the proof of the direct assertion.
To prove the converse, we argue similarly (or rather, dual-analogously) to the proof of Theorem 4.1. Clearly, if the functor ρ ⋆ is fully faithful for one of the symbols ⋆ = b, +, −, or ∅, then it is fully faithful for ⋆ = b. Furthermore, if the functor ρ b is fully faithful, then its essential image coincides with the full subcategory D b
I-ctra (R-mod) ⊂ D b (R-mod), because the triangulated category D b (R-mod qs I-ctra ) is generated by its abelian subcategory R-mod qs I-ctra and the triangulated subcategory in D b (R-mod) generated by R-mod qs I-ctra is precisely D b I-ctra (R-mod) (in view of Lemma 1.1 and Proposition 1.5). So the functor ξ b is an equivalence of categories in this case. Now the functor of inclusion of abelian categories R-mod qs I-ctra −→ R-mod has a left adjoint functor L 0 Λ I : R-mod −→ R-mod qs I-ctra . The functor L 0 Λ I is left adjoint to an exact functor, so it takes projective R-modules to projective objects of the category R-mod qs I-ctra . One easily concludes that the functor ρ − : D − (R-mod qs I-ctra ) −→ D − (R-mod) has a left adjoint functor λ − : D − (R-mod) −→ D − (R-mod qs I-ctra ), which is computable as the left derived functor of the functor L 0 Λ I , or which is the same, the left derived functor of the functor Λ I . So the functor λ − assigns to a bounded above complex of projective R-modules P • the bounded above complex of projective quotseparated I-contramodule R-modules Λ I (P • ).
More generally, for ⋆ = ∅, the functor ρ : D(R-mod qs I-ctra ) −−→ D(R-mod) also has a left adjoint functor λ : D(R-mod) −−→ D(R-mod qs I-ctra ), which can be computed by applying the functor Λ I to homotopy projective complexes of R-modules. Following [17, Proposition 3.6] , one can also compute the functor λ by applying the functor Λ I to homotopy flat complexes of R-modules.
Similarly to the discussion of partially defined right adjoint functors in the proof of Theorem 4.1, one can consider partially defined left adjoints. For ⋆ = b, the functor
does not seem to necessarily have a left adjoint, in general; so we are interested in its partially defined left adjoint functor λ b . It is only important for us that the partial functor
, as can be easily seen. On the other hand, for any symbol ⋆ = b, +, −, or ∅, the fully faithful inclusion functor ι ⋆ :
. This holds quite generally for any finitely generated ideal I ⊂ R; following the discussion in Section 2 and [21, Section 3], the functor η ⋆ is computable as
is a category equivalence, then it identifies the functor ρ b with the functor ι b ; and consequently it also identifies their adjoint functors λ b and η b . It follows that the functor λ b is everywhere defined in this case; but this is not important for us. The key observation is that the objects λ b (P ) ∈ D b (R-mod qs I-ctra ) and η b (P ) ∈ D b I-ctra (R-mod) are identified by the functor ξ b , for any projective R-module P . In other words, we have an isomorphism of complexes of R-modules
, P ) = 0 for k < 0 and Λ I (P ) ≃ ∆ I (P ) (see isomorphism (6)). It follows that the R-module ∆ I (P ) is I-adically separated, and therefore the canonical surjective morphism b I,P : ∆ I (P ) −→ Λ I (P ) is an isomorphism. According to Theorem 3.6, we can conclude that the ideal I ⊂ R is weakly proregular.
Alternatively, for the proof of the converse assertion one can first observe that if the functor ρ b is fully faithful, then R-mod qs I-ctra = R-mod I-ctra (in view of Proposition 1.5). This translates, via Lemma 1.6, into the map b I,R[[X]] : ∆ I (R[X]) −→ Λ I (R[X]) being an isomorphism. Secondly, one can apply the converse assertion of the next Theorem 4.3; and finally use the isomorphism (6) and Theorem 3.6. This is the argument hinted at in Remark 3.8.
Our last theorem in this section applies to the category of (not necessarily quotseparated) I-contramodules. Once again, we need some notation. Denote the triangulated functor D ⋆ (R-mod I-ctra ) −→ D ⋆ (R-mod) induced by the inclusion of abelian categories R-mod I-ctra −→ R-mod by
The functor π ⋆ obviously factorizes into a composition
Now we can formulate and prove the result promised in Remark 3.8. The cohomology vanishing condition appearing in it corresponds, in terms of Proposition 3.5, to the combination of conditions (i) for all q ≤ −2 and conditions (ii) for all q ≤ −1. So it is a bit weaker than weak proregularity of the ideal I, in that condition (i) for q = −1 is not required. We refer to Remark 3.8 for the discussion. The proof of the converse is similar to that of Theorem 4.2. Clearly, if the functor π ⋆ is fully faithful for one of the symbols ⋆ = b, +, −, or ∅, then it is fully faithful for ⋆ = b. It is also clear that if the functor π b is fully faithful, then its essential image coincides with the full subcategory D b I-ctra (R-mod) ⊂ D b (R-mod); so the functor ζ b is a category equivalence in this case. Now the functor of inclusion of abelian categories R-mod I-ctra −→ R-mod has a left adjoint functor ∆ I : R-mod −→ R-mod I-ctra . The functor ∆ I is left adjoint to an exact functor, so it takes projective R-modules to projective objects of the category R-mod I-ctra . One easily concludes that the functor π − : D − (R-mod I-ctra ) −→ D − (R-mod) has a left adjoint functor δ − : D − (R-mod) −→ D − (R-mod I-ctra ), which is computable as the left derived functor of the functor ∆ I . So the functor δ − assigns to a bounded above complex of projective R-modules P • the bounded above complex of projective quotseparated I-contramodule R-modules ∆ I (P • ). Similarly, for ⋆ = ∅, the functor π : D(R-mod qs I-ctra ) −→ D(R-mod) also has a left adjoint functor δ : D(R-mod) −→ D(R-mod qs I-ctra ), which can be computed by applying the functor ∆ I to homotopy projective complexes of R-modules.
For
does not seem to necessarily have a left adjoint, in general; but we are interested in its partially defined left adjoint functor δ b . It is only important for us that the partial functor
On the other hand, the fully faithful functor ι ⋆ : D ⋆ I-ctra (R-mod) −→ D ⋆ (R-mod) has a left adjoint functor η ⋆ , as it was explained in the proof of of Theorem 4.2. Now if the functor
I-ctra (R-mod) is a category equivalence, then it identifies the functor π b with the functor ι b ; and consequently it also identifies their adjoint functors δ b and η b . Thus the objects
I-ctra (R-mod) are identified by the functor ζ b , for any projective R-module P . In other words, we have an isomorphism of complexes of R-modules
, P ) = 0 for k < 0, as desired.
Idealistically Derived Complete Complexes
Let us recall the notation of , which is called the idealistic derived I-adic completion functor in [33] . Following the construction of the functor λ discussed in the proof of Theorem 4.2, the functor LΛ I is the composition of the two adjoint functors, LΛ I = ρ • λ,
The point is that applying the functor Λ I to every term of a homotopy projective (or homotopy flat) complex of R-modules P • produces a complex of I-adically separated and complete R-modules Λ I (P • ). All such modules are quotseparated I-contramodules; so a complex of such modules can be naturally considered as an object of the derived category of quotseparated I-contramodules, λ(P • ) = Λ I (P • ) ∈ D(R-mod qs I-ctra ). One can also consider Λ I (P • ) as an object of the derived category of R-modules; this means applying the functor ρ to the object λ(P • ).
Let us recall the definition from [33, Section 1] . A complex of R-modules C • is said to be derived I-adically complete in the idealistic sense if the adjunction morphism
is an isomorphism in D(R-mod). Let us denote the full subcategory of derived I-adically complete complexes in the idealistic sense by Now assume that the complex B • is derived I-adically complete in the idealistic sense. Then the adjunction morphism
is an isomorphism in D(R-mod). In other words, this means that the canonical morphism
) is an isomorphism in D(R-mod). According to Theorem 3.6, it follows that the ideal I ⊂ R is weakly proregular. Proof. Part (a): the R-module Q X is a quotseparated I-contramodule; in fact, Q X is a projective (in some sense, free) object in the abelian category R-mod qs I-ctra (see the discussion in Section 1). Hence Q X ∈ R-mod qs I-ctra ⊂ R-mod I-ctra ⊂ D I-ctra (R-mod) is a derived I-adically complete complex in the sequential sense by Lemma 2.3.
Part (b) : the "only if" assertion follows from part (a) for the same reason as in the proof of Proposition 5.2. To prove the "if", let us consider the R-module Q X as an object of the derived category D(R-mod qs I-ctra ). Then the same R-module viewed as an object of the derived category D(R-mod) is denoted by ρ(Q X ). Assume that ρ(Q X ) is a derived I-adically complete complex in the idealistic sense; then the adjunction morphism ρ(Q X ) −→ ρλρ(Q X ) is an isomorphism.
For any pair of adjoint functors ρ and λ and any object Q in the relevant category, the composition of natural morphisms ρ(Q) −→ ρλρ(Q) −→ ρ(Q) is the identity morphism. If the morphism ρ(Q) −→ ρλρ(Q) is an isomorphism, then the morphism ρλρ(Q) −→ ρ(Q) is an isomorphism, too.
The latter morphism is obtained by applying the functor ρ to the adjunction morphism λρ(Q) −→ Q. In the situation at hand, the functor ρ is conservative: if f : B • −→ C • is a morphism in the derived category D(R-mod qs I-ctra ) and ρ(f ) : ρ(B • ) −→ ρ(C • ) is an isomorphism in D(R-mod), then the morphism f is an isomorphism (since the inclusion of abelian categories R-mod qs I-ctra −→ R-mod is an exact functor taking nonzero objects to nonzero objects). We conclude that the adjunction morphism λρ(Q X ) −→ Q X is an isomorphism in D(R-mod qs I-ctra ).
At this point we have to recall that the object Q X , by definition, depends on the choice of an infinite set X. We claim that if the morphism λρ(Q X ) −→ Q X is an isomorphism for one particular infinite set X, then so is the adjunction morphism λρ(Q Y ) −→ Q Y for every set Y . Indeed, passing to a direct summand, one can assume the set X to be countable. The key observation is that both the inclusion functor R-mod qs I-ctra −→ R-mod and the I-adic completion functor Λ I : R-mod −→ R-mod qs I-ctra preserve countably-filtered direct limits. Using functorial (homotopy) flat resolutions together with the observation that the derived functor λ can be computed with (homotopy) flat resolutions [17, Lemma 3.5 and Proposition 3.6], one shows that both the functors ρ and λ preserve countably-filtered direct limits of complexes of modules (in an appropriate sense). It remains to observe that Q Y = lim − →Z⊂Y Q Z , where the direct limit is taken over all the countable subsets Z of a given infinite set Y . We suggest [1] as a background reference on < ℵ 1 -filtered colimits; and leave it to the reader to fill the details of the above argument.
In the remaining last paragraph of this proof, the argument is based on the premise, justified above, that the morphism λρ(Q Y ) −→ Q Y is an isomorphism for every set Y . Denote the abelian categories involved by A = R-mod and B = R-mod qs I-ctra ; and let B ∈ B be an arbitrary object. Viewing B as an object of the derived category D(B), we can compute (1) the functor ρ b is fully faithful;
(2) for any two objects C and B ∈ B and all integers k > 0, the functor ρ a induces isomorphisms of the Ext groups ρ a (B) ). Furthermore, if there are enough projective objects in the abelian category B, then conditions (1-2) are equivalent to (3) for any projective object Q ∈ B, any object B ∈ B, and all integers k > 0, one has Ext k A (ρ a (Q), ρ a (B)) = 0. Proof. This is easy to prove. [17, Corollary 5.25] , [33, Theorem 3.12] . The sequential derived I-adic completion functor is always idempotent (see [33, Remark 2.25] or the discussion at the end of Section 2). "Only if": for any R-module C, the adjunction morphism C −→ LΛ I (C) induces the canonical morphism C −→ Λ I (C) after the passage to the degree-zero cohomology modules. In particular, the R-module C is I-adically complete if and only if the induced morphism C −→ H 0 (LΛ I (C)) = Λ I (C) is an isomorphism. Hence the object C ∈ D(R-mod) is derived I-adically complete in the idealistic sense if and only if C is I-adically complete and the R-modules L i Λ I (C) = H −i (LΛ I (C)) vanish for all i > 0. It follows that existence of an isomorphism C ≃ LΛ I (C) in the derived category D(R-mod) implies that C is derived I-adically complete in the idealistic sense.
Now the functor LΛ I takes the free R-module with a countable set of generators
According to the previous paragraph, if the object LΛ I (Q X ) ∈ D(R-mod) is isomorphic to Q X (i. e., some isomorphism exists), then the object Q X ∈ D(R-mod) is derived I-adically complete in the idealistic sense. According to Proposition 5.3 (b) , it follows that the ideal I ⊂ R is weakly proregular. Proposition 5.3 appears to confirm the feeling that the class of derived I-adically complete complexes in the idealistic sense, as defined in the paper [33] , may be too small. Is there any example of a nonzero derived I-adically complete complex in the idealistic sense, for an arbitrary finitely generated ideal I = R in a commutative ring R ?
We 
Idealistically Derived Torsion Complexes
The results of this section are dual-analogous to those of the previous one. To begin with, let us recall the notation of which is called the idealistic derived I-torsion functor in [33] . Following the construction of the functor γ discussed in the proof of Theorem 4.1, the functor RΓ I is the composition of the two adjoint functors, RΓ I = µ • γ,
The point is that applying the functor Γ I to every term of a homotopy injective complex of R-modules J • produces a complex of I-torsion R-modules. Such a complex can be naturally considered as an object of the category D(R-mod I-tors ). One can also view Γ I (J • ) as an object of the derived category of R-modules; this means applying the functor µ to the object γ(J • ).
Following Sketch of proof. Part (a): the R-module E is I-torsion by definition; in fact, E is an injective object in the abelian category R-mod I-tors . Hence E ∈ R-mod I-tors ⊂ D I-tors (R-mod) is a derived I-torsion complex in the sequential sense by Lemma 2.2. The "only if" assertion in part (b) follows from part (a).
Part (b) , "if": let us consider the R-module E as an object of the derived category D(R-mod I-tors ). Then the same R-module viewed as an object of the derived category D(R-mod) is denoted by µ(E). Assume that µ(E) is a derived I-torsion complex in the idealistic sense, for every injective R-module J. Then the adjunction morphism µγµ(E) −→ µ(E) is an isomorphism.
It follows that the morphism µ(E) −→ µγµ(E) obtained by applying µ to the adjunction morphism E −→ γµ(E) is an isomorphism, too. Since the triangulated functor µ : D(I-mod I-tors ) −→ D(R-mod) is conservative (taking complexes with nonzero cohomology to complexes with nonzero cohomology), we can conclude that the adjunction morphism E −→ γµ(E) is an isomorphism in D(R-mod I-tors ).
Denote the abelian categories involved by A = R-mod and T = R-mod I-tors ; and let T ∈ T be an arbitrary object. Viewing T as an object of the derived category Once again, the feeling is that the class of derived I-torsion complexes in the idealistic sense, as defined in the paper [33] , may be too small. We ask the same question: is there any example of a nonzero derived I-torsion complex in the idealistic sense, for an arbitrary finitely generated ideal I = R in a commutative ring R ?
We would suggest the derived category D(R-mod I-tors ) as a proper replacement of the category of derived I-torsion complexes in the idealistic sense. At least, the category D(R-mod I-tors ) contains all I-torsion R-modules as objects.
Digression: Adic Flatness and Weak Proregularity
In this section, we use the occasion to provide the precise formulation and a proof of a result of the present author mentioned by Yekutieli in [32, Remark 4.12] . This is closely related to the main results of this paper on the technical level.
Following [32, Definition 4.2] , we say that an R-module F is I-adically flat if Tor R k (N, F ) = 0 for all I-torsion R-modules N and all k > 0. In the same spirit, the R-modules satisfying the equivalent conditions of the next proposition could be called "I-adically projective". Proposition 7.1. Let F be an R-module. Then the following three conditions are equivalent:
(1) the R-module F is I-adically flat and the R/I-module F/IF is projective; (3) =⇒ (2) is trivial, since every R/I-module is an I-contramodule R-module.
(2) =⇒ (3) is an "obtainability" argument going back to [22, proof of Theorem 9.5] and subsequently utilized in the paper [26] . One proves that all the I-contramodule R-modules can be obtained from R/I-modules, in the relevant sense. Essentially, the class of all R-modules C satisfying (3) for a fixed R-module F is closed under certain operations, which are listed in [26, Lemma 3.2 or Definition 3.3]. One shows that all I-contramodule R-modules can be "obtained" from R/I-modules using these operations; this is the assertion of [26, Lemma 8.2] .
To spell out a specific argument, one can start by observing that all I-contramodule R-modules are obtainable as extensions of quotseparated I-contramodule R-modules (by Proposition 1.5). Furthermore, any quotseparated I-contramodule is obtainable as the cokernel of an injective morphism of separated I-contramodules. The latter are the same thing as I-adically separated and complete R-modules. They are obtainable as transfinitely iterated extensions, in the sense of projective limit, of R/I-modules; see, e. g., [22, Lemma 9 .7] and the references therein. Proof. The "if" assertion is a particular case of [32, Theorem 1.6(1) or Theorem 6.9]. One can also obtain it by reversing the arguments in the proof of the "only if" assertion that follows below.
The argument is somewhat similar to the proof of Proposition 5.3. Assume that, for one particular infinite set X, the R-module Q X is I-adically flat. Passing to a direct summand, we can assume the set X to be countable. For every infinite set Y , the R-module Q Y is a direct limit of R-modules isomorphic to Q X . Since the class of I-adically flat modules is closed under direct limits, it then follows that the R-module Q Y is I-adically flat as well. Passing to the direct summands again, we see that all the projective objects of the category of quotseparated I-contramodules B = R-mod qs I-ctra are I-adically flat R-modules. Furthermore, the R/I-module Q Y /IQ Y ≃ (R/I)[Y ] is obviously free, hence projective, for any module of decaying functions Q Y . Therefore, the R/I-module Q/IQ is projective for any projective object Q of the category R-mod qs I-ctra . By The leftmost horizontal functor β in (10) is fully faithful if and only it is a triangulated equivalence (and if and only if R-mod qs I-ctra = R-mod I-ctra ). Similarly, the rightmost horizontal functor ζ is fully faithful if and only if it is a triangulated equivalence. The composition of the two horizontal functors (denoted by ξ in Section 4) is fully faithful if and only if it is a triangulated equivalence.
If the ideal I is weakly proregular, then both horizontal functors in (10) are triangulated equivalences. If the ideal I is not weakly proregular, then the composition ξ = ζ • β of the two horizontal functors is not an equivalence (but one of them can be). See Remark 3.8 for further discussion.
The situation with derived torsion complexes is similar but simpler. There is only one abelian category of I-torsion R-modules, R-mod I-tors ⊂ R-mod.
What is called "the category of derived I-torsion complexes in the sequential sense" in [33] is, in our language, the full subcategory D I-tors (R-mod) ⊂ D(R-mod) of complexes of R-modules with I-torsion cohomology modules.
What is called "the category of derived I-torsion complexes in the idealistic sense" in [33] is likely to be too small. We would suggest to modify the definition by considering the derived category D(R-mod I-tors ) as the proper version/replacement of the category of derived I-torsion complexes in the idealistic sense. Then there is the triangulated functor µ : D(R-mod I-tors ) −→ D(R-mod), but it is only fully faithful when the ideal I is weakly proregular. 32 To summarize the discussion of derived I-torsion complexes and derived I-torsion functors, there is a diagram of triangulated functors 
